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Some new results for the generalized bivariate
Fibonacci and Lucas polynomials

Nazmı̇ye Yılmaz

Abstract. In this paper, new identities are obtained by using the gen-
eralized bivariate Fibonacci and Lucas polynomials. Firstly, several bi-
nomial summations and the closed formulas for summation of powers
are investigated for these polynomials. Also, general summation formu-
las, different generating functions, and relations of these polynomials
are presented.

1. Introduction

As well-studied objects in mathematics, the Fibonacci, Lucas, Pell and
Chebyshev numbers possess many kinds of generalizations. One of the most
important generalizations is the Fibonacci polynomial [1–10]. Due to com-
mon usage of this polynomial in applied sciences, some generalizations have
been defined in the literature [13,15,19,20]. Some recent work in this direc-
tion can be seen in [21–24,26]. In [12] and its references, a short history and
comprehensive information about the Fibonacci polynomial can be found.
The Fibonacci numbers are defined as

(1) Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1

for n ≥ 2. In [14], the authors gave a new generalization of the Fibonacci and
Lucas polynomials which are called h(x)-Fibonacci and h(x)-Lucas polyno-
mials. Then, the authors presented the several studies on generalization of
Fibonacci numbers in [16–18]. Also, in [25], the author investigated some
arithmetic properties for the (p, q)-Fibonacci and Lucas polynomials associ-
ated with the classical Fibonacci and Lucas numbers. In [11], the authors
gave a new generalization of the Fibonacci and Lucas polynomials which are
called generalized bivariate Fibonacci and Lucas polynomials.
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For n ≥ 2 and p(x, y), q(x, y) polynomials with real coefficients, the gen-
eralized bivariate Fibonacci and Lucas polynomials are described by

(2) Hn(x, y) = p(x, y)Hn−1(x, y) + q(x, y)Hn−2(x, y),

(3) Kn(x, y) = p(x, y)Kn−1(x, y) + q(x, y)Kn−2(x, y),

where H0(x, y) = 0, H1(x, y) = 1, K0(x, y) = 2, K1(x, y) = p(x, y) and
p2(x, y)+4q(x, y) > 0. The Binet formulas, relation of generalized bivariate
Fibonacci and Lucas polynomials are (see[11]):

(4) Hn(x, y) =
αn(x, y)− (−q(x, y))nα−n(x, y)

α(x, y) + q(x, y)α−1(x, y)
,

(5) Kn(x, y) = αn(x, y) + (−q(x, y))nα−n(x, y),

(6) Kn(x, y) = Hn+1(x, y) + q(x, y)Hn−1(x, y),

where α(x, y) and β(x, y) = −q(x, y)α−1(x, y) are roots of characteristic
equations (2) and (3).

For different p(x, y) and q(x, y), we obtain different polynomial sequences
by using recursive relation. These polynomial sequences are given in the
Table 1.

Table 1. Special conditions of the generalized bivariate
Fibonacci and Lucas polynomials (see [11]).

p(x, y) q(x, y) Hn(x, y) Kn(x, y)

x y Bivariate Fibonacci, Fn(x, y) Bivariate Lucas, Ln(x, y)

x 1 Fibonacci, Fn(x) Lucas, Ln(x)

2x 1 Pell, Pn(x) Pell-Lucas, Qn(x)

1 2x Jacobsthal, Jn(x) Jacobsthal-Lucas, jn(x)

2x −1 Chebyshev of the second kind, Un−1(x) Chebyshev of the first kind, 2Tn(x)

3x −2 Fermat, Fn(x) Fermat-Lucas, Fn(x)

We would like to mention hereafter that, we use notations α = α(x, y),
β = β(x, y) and p = p(x, y), q = q(x, y) for brevity.

Motivated by the work of [11], we wanted to extend the results on the
generalized bivariate Fibonacci and Lucas polynomials. In Section 2, we
provide properties for the generalized bivariate Fibonacci polynomials. In
Section 3, we obtain identities for generalized bivariate Lucas polynomials
that generalize the Lucas polynomials.
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2. On properties of generalized bivariate
Fibonacci polynomials

We obtain different binomial summations of the generalized bivariate Fi-
bonacci polynomials in the following theorems.

Theorem 1. For n ≥ 1 and k ≥ 0 integers, we get

(i)
∑n

i=0

(
n
i

)
(−q)ikH(n−2i)k(x, y) = 0;

(ii)
∑n

i=0

(
n
i

)
(−1)i(−q)ikH(n−2i)k(x, y) ={
2(p2 + 4q)

n−1
2 Hn

k (x, y), n is odd;

0, n is even.

(iii)
∑n

i=0

(
n
i

)
(−q)(n−i)kH2

ik(x, y) =
Knk(x, y)K

n
k (x, y)− 2n+1(−q)nk

p2 + 4q
.

Proof. (i) From the equation (4), we write
n∑

i=0

(
n

i

)
(−q)ikH(n−2i)k(x, y)

=

n∑
i=0

(
n

i

)
(−q)ik

(
α(n−2i)k − β(n−2i)k

α− β

)

=
1

α− β

n∑
i=0

(
n

i

)
αnk−ikβik − 1

α− β

n∑
i=0

(
n

i

)
αikβnk−ik

= 0.

(ii) Again, from the equation (4), we have
n∑

i=0

(
n

i

)
(−1)i(−q)ikH(n−2i)k(x, y)

=
n∑

i=0

(
n

i

)
(−1)i(−q)ik

(
α(n−2i)k − β(n−2i)k

α− β

)

=
1

α− β

n∑
i=0

(
n

i

)
(−1)iαnk−ikβik − 1

α− β

n∑
i=0

(
n

i

)
(−1)iαikβnk−ik

=

{
2(p2 + 4q)

n−1
2 Hn

k (x, y), n is odd;

0, n is even.
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(iii) Similarly to (i) and (ii), from the equation (4), we have
n∑

i=0

(
n

i

)
(−q)(n−i)kH2

ik(x, y) =
n∑

i=0

(
n

i

)
(−q)(n−i)k

(
αik − βik

α− β

)2

=
1

(α− β)2

n∑
i=0

(
n

i

)
αnk+ikβnk−ik − 1

(α− β)2

n∑
i=0

(
n

i

)
2(−q)nk

+
1

(α− β)2

n∑
i=0

(
n

i

)
αnk−ikβnk+ik

=
Knk(x, y)K

n
k (x, y)− 2n+1(−q)nk

p2 + 4q
. □

Theorem 2. The identities are hold:

(i)
n∑

k=0

(
n

k

)
pkqn−kHk(x, y) = H2n(x, y),

(ii)
n∑

k=0

(
n

k

)
pkqn−kHk+1(x, y) = H2n+1(x, y).

Proof. (i) By using the equation (4), we get
n∑

k=0

(
n

k

)
pkqn−kHk(x, y) =

n∑
k=0

(
n

k

)
pkqn−k

(
αk − βk

α− β

)

=
qn

α− β

n∑
k=0

(
n

k

)(
p

q

)k

αk − qn

α− β

n∑
k=0

(
n

k

)(
p

q

)k

βk

=
1

α− β
(pα+ q)n − 1

α− β
(pβ + q)n .

By considering well-known equalities pα+ q = α2, pβ + q = β2 and
again the equation (4), we obtain claimed result.

(ii) By taking into account the equation (4) and above operations, we
achieve the desired result. □

We take account Theorem 1 to get the formula of sums of any positive
powers for the generalized bivariate Fibonacci polynomials.

Theorem 3. For m,n ≥ 1 integers, we have
m∑
k=0

Hn
k (x, y) =

1

2(p2 + 4q)
n−1
2

n∑
i=0

(
n

i

)
(−1)iC

(−q)n − (−q)iKn−2i(x, y) + 1
, n is odd;

1

2(p2 + 4q)
n
2

n∑
i=0

(
n

i

)
(−1)iD

(−q)n − (−q)iKn−2i(x, y) + 1
, n is even;
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where

C = (−q)mi+nH(n−2i)m(x, y)− (−q)i(m+1)H(n−2i)(m+1)(x, y)

+ (−q)iHn−2i(x, y),

D = (−q)mi+nK(n−2i)m(x, y)− (−q)i(m+1)K(n−2i)(m+1)(x, y)

− (−q)iKn−2i(x, y) + 2.

Proof. There are two condition for n. If n is odd, from the equation (4) and
Theorem 1, we write
m∑
k=0

Hn
k (x, y) =

1

2(p2 + 4q)
n−1
2

n∑
i=0

(
n

i

)
(−1)i

m∑
k=0

(−q)ikH(n−2i)k(x, y)

=
1

2(p2 + 4q)
n+1
2

n∑
i=0

(
n

i

)
(−1)i

(−q)i(m+1)α(n−2i)(m+1) − 1

(−q)iαn−2i − 1

− 1

2(p2 + 4q)
n+1
2

n∑
i=0

(
n

i

)
(−1)i

(−q)i(m+1)β(n−2i)(m+1) − 1

(−q)iβn−2i − 1
.

By considering a well-known equality αβ = −q, the equations (4) and (5),
we obtain

m∑
k=0

Hn
k (x, y) =

1

2(p2 + 4q)
n−1
2

n∑
i=0

(
n

i

)
(−1)iC

(−q)n − (−q)iKn−2i(x, y) + 1
.

As secondly, for n even, it can be similarly proved. □

We obtain general summations of the generalized bivariate Fibonacci poly-
nomials in the following theorem.

Theorem 4. For n ≥ 1 and j,m ≥ 0 integers, we have
n−1∑
k=0

Hmk+j(x, y) =
(−q)mHmn+j−m(x, y)−Hmn+j(x, y) + (−q)jHm−j(x, y) +Hj(x, y)

(−q)m −Km(x, y) + 1
, j < m;

(−q)mHmn+j−m(x, y)−Hmn+j(x, y)− (−q)mHj−m(x, y) +Hj(x, y)

(−q)m −Km(x, y) + 1
, j ≥ m;

where (−q)m −Km(x, y) + 1 ̸= 0.

Proof. From the equation (4), we write
n−1∑
k=0

Hmk+j(x, y) =
n−1∑
k=0

αmk+j − βmk+j

α− β

=
1

α− β

[
αj α

mn − 1

αm − 1
− βj β

mn − 1

βm − 1

]
.
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By considering q well-known equality αβ = −q and the equation (5), we get

n−1∑
k=0

Hmk+j(x, y) =
1

α− β

[
(−q)mαmn+j−m − αmn+j − αjβm + αj

(−q)m −Km(x, y) + 1

]
− 1

α− β

[
(−q)mβmn+j−m − βmn+j − αmβj + βj

(−q)m −Km(x, y) + 1

]
.

Again, from equations (4) and (5) we obtain the desired result. □

If we take m = 1, j = 0 in Theorem 4, we obtain the following results,
also available in [11].

Corollary 1. For n ≥ 1 integers, we obtain

n−1∑
k=0

Hk(x, y) =
Hn(x, y) + qHn−1(x, y)− 1

p+ q − 1
,

where p+ q − 1 ̸= 0.

If we take m = 2, j = 0 in Theorem 4, the result is as follows.

Corollary 2. For n ≥ 1 integers, we have

n−1∑
k=0

H2k(x, y) =
H2n(x, y)− q2H2n−2(x, y)− p

p2 − q2 + 2q − 1
,

where p2 − q2 + 2q − 1 ̸= 0.

If we take m = 2, j = 1 in Theorem 4, the result is as follows.

Corollary 3. For n ≥ 1 integers, we get

n−1∑
k=0

H2k+1(x, y) =
H2n+1(x, y)− q2H2n−1(x, y) + q − 1

p2 − q2 + 2q − 1
,

where p2 − q2 + 2q − 1 ̸= 0.

We obtain the exponential and Poisson generating functions of the gen-
eralized bivariate Fibonacci polynomials in the following theorem.

Theorem 5. The identities are hold:

(i)
∞∑
n=0

Hn(x, y)
tn

n!
=

eαt − eβt

α− β
,

(ii)
∞∑
n=0

Hn(x, y)
e−ttn

n!
=

e(α−1)t − e(β−1)t

α− β
.
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Proof. (i) From the equation (4) and the MacLaurin expansion for the
exponential function, we have

∞∑
n=0

Hn(x, y)
tn

n!
=

∞∑
n=0

(
αn − βn

α− β

)
tn

n!

=
1

α− β

∞∑
n=0

αntn

n!
− 1

α− β

∞∑
n=0

βntn

n!

=
eαt − eβt

α− β
.

The proof for (ii) can be done in a similar way to (i). □

Further, we present the Vajda identity for generalized bivariate Fibonacci
polynomials.

Theorem 6. For n, r, s integers, we have

Hn+r(x, y)Hn+s(x, y)−Hn(x, y)Hn+r+s(x, y) = (−q)nHs(x, y)Hr(x, y)

Proof. Using the equations (4), for the left hand side LHS, we get

LHS =

(
αn+r − βn+r

α− β

)(
αn+s − βn+s

α− β

)
−
(
αn − βn

α− β

)(
αn+r+s − βn+r+s

α− β

)
= (−q)n

(
αs − βs

α− β

)(
αr − βr

α− β

)
= (−q)nHs(x, y)Hr(x, y). □

By taking s = −r = 1 in Theorem 6, we obtain the Cassini identity for
generalized bivariate Fibonacci polynomials as Theorem 8 in [11].

Corollary 4. For n integers, we have

Hn−1(x, y)Hn+1(x, y)−H2
n(x, y) = −(−q)n−1.

By taking s = m−n, r = 1 in Theorem 6, we obtain the D’Ocagne identity
for generalized bivariate Fibonacci polynomials as Theorem 4 in [11].

Corollary 5. For n,m integers, we have

Hn+1(x, y)Hm(x, y)−Hn(x, y)Hm+1(x, y) = (−q)nHm−n(x, y).

By taking r = −s in Theorem 6, we obtain the Catalan identity for
generalized bivariate Fibonacci polynomials as Theorem 3 in [11].

Corollary 6. For n, s integers, we have

Hn−s(x, y)Hn+s(x, y)−H2
n(x, y) = −(−q)n−sH2

s (x, y).
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The following theorem gives us the relationships between the generalized
bivariate Fibonacci and Lucas polynomials.

Theorem 7. For n ≥ 2 integers, we have
(i) Hn+2(x, y)− qHn−2(x, y) = pKn(x, y),

(ii) (p2 + 4q)Hn(x, y) + pKn(x, y) = 2Kn+1(x, y).

Proof. (i) We get together with the equations (2), (3) and (6)

Hn+2(x, y)− qHn−2(x, y) = pHn+1(x, y) + pqHn−1(x, y)

= pKn(x, y).

Since the proof of (ii) is same as the proof of (i), we omit these proofs to
cut the unnecessary repetition. □

3. On properties of generalized bivariate Lucas polynomials

In this section, we investigated the generalized bivariate Lucas polyno-
mials. We do not write down all proofs, since they are similar to those in
Section 2.

We obtain the different binomial summations of the generalized bivariate
Lucas polynomials in the following theorems.

Theorem 8. For n ≥ 1 and k ≥ 0 integers, we get

(i)
n∑

i=0

(
n

i

)
(−q)ikK(n−2i)k(x, y) = 2Kn

k (x, y),

(ii)
n∑

i=0

(
n

i

)
(−1)i(−q)ikK(n−2i)k(x, y) ={
2(p2 + 4q)

n
2 Hn

k (x, y), n is even;
0, n is odd;

(iii)
n∑

i=0

(
n

i

)
(−q)(n−i)kK2

ik(x, y) = Knk(x, y)K
n
k (x, y) + 2n+1(−q)nk,

(iv)
n∑

i=0

(
n

i

)
(−q)(n−i)kHik(x, y)Kik(x, y) = Hnk(x, y)K

n
k (x, y).

Theorem 9. The following identities hold:

(i)
n∑

k=0

(
n

k

)
pkqn−kKk(x, y) = K2n(x, y),

(ii)
n∑

k=0

(
n

k

)
pkqn−kKk+1(x, y) = K2n+1(x, y).
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We take intoaccount Theorem 8 to get the formula of sums of any positive
powers for the generalized bivariate Lucas polynomials.

Theorem 10. For m,n ≥ 1 integers, we have
m∑
k=0

Kn
k (x, y) =

1

2

n∑
i=0

(
n

i

)
D

(−q)n − (−q)iKn−2i(x, y) + 1
,

where

D = (−q)mi+nK(n−2i)m(x, y)− (−q)i(m+1)K(n−2i)(m+1)(x, y)

− (−q)iKn−2i(x, y) + 2.

We obtain general summations of the generalized bivariate Lucas polyno-
mials in the following theorem.

Theorem 11. For n ≥ 1 and m, j ≥ 0 integers, we have

n−1∑
k=0

Kmk+j(x, y) =
(−q)mKmn+j−m(x, y)−Kmn+j(x, y)− (−q)jKm−j(x, y) +Kj(x, y)

(−q)m −Km(x, y) + 1
, j < m;

(−q)mKmn+j−m(x, y)−Kmn+j(x, y)− (−q)mKj−m(x, y) +Kj(x, y)

(−q)m −Km(x, y) + 1
, j ≥ m;

where (−q)m −Km(x, y) + 1 ̸= 0.

If we take m = 1, j = 0 in Theorem 11, we obtain the following results,
also available in [11,21].

Corollary 7. For n ≥ 1 integers, we have

n−1∑
k=0

Kk(x, y) =
Kn(x, y) + qKn−1(x, y) + p− 2

p+ q − 1
,

where p+ q − 1 ̸= 0.

If we take m = 2, j = 0 in Theorem 11, the results are as follows.

Corollary 8. For n ≥ 1 integers, we have

n−1∑
k=0

K2k(x, y) =
K2n(x, y)− q2K2n−2(x, y) + p2 + 2q − 2

p2 − q2 + 2q − 1
,

where p2 − q2 + 2q − 1 ̸= 0.

If we take m = 2, j = 1 in Theorem 11, the results are as follows.
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Corollary 9. For n ≥ 1 integers, we have
n−1∑
k=0

K2k+1(x, y) =
K2n+1(x, y)− q2K2n−1(x, y)− pq − p

p2 − q2 + 2q − 1
,

where p2 − q2 + 2q − 1 ̸= 0.

We obtain the exponential and Poisson generating functions of the gen-
eralized bivariate Lucas polynomials in the following theorem.

Theorem 12. The following identities hold:

(i)
∞∑
n=0

Kn(x, y)
tn

n!
= eαt + eβt,

(ii)
∞∑
n=0

Kn(x, y)
e−ttn

n!
= e(α−1)t + e(β−1)t.

We present the Vajda identity for generalized bivariate Lucas polynomials.

Theorem 13. For n, r, s integers, we have

Kn+r(x, y)Kn+s(x, y)−Kn(x, y)Kn+r+s(x, y) =

− (−q)n(p2 + 4q)Hs(x, y)Hr(x, y).

By taking s = −r = 1 in Theorem 13, we obtain the Cassini identity for
generalized bivariate Lucas polynomials as Theorem 4.5 in [21].

Corollary 10. For n integers, we have

Kn−1(x, y)Kn+1(x, y)−K2
n(x, y) = (−q)n−1(p2 + 4q).

By taking s = m − n, r = 1 in Theorem 13, we obtain the D’Ocagne
identity for generalized bivariate Lucas polynomials as Theorem 4.7 in [21].

Corollary 11. For n,m integers, we have

Kn+1(x, y)Km(x, y)−Kn(x, y)Km+1(x, y) = −(−q)n(p2 + 4q)Hm−n(x, y).

By taking r = −s in Theorem 13, we obtain the Catalan identity for
generalized bivariate Lucas polynomials as Theorem 4.6 in [21].

Corollary 12. For n, s integers, we have

Kn−s(x, y)Kn+s(x, y)−K2
n(x, y) = (−q)n−s(p2 + 4q)H2

s (x, y).

We obtain the relationships between generalized bivariate Fibonacci and
Lucas polynomials.

Theorem 14. For n ≥ 0 and k ≥ n integers, we get
(i) Kn(x, y)Hk(x, y)− (−q)nHk−n(x, y) = Hn+k(x, y),

(ii) Kn(x, y)Kk(x, y)− (−q)nKk−n(x, y) = Kn+k(x, y).

If we take k = n in Theorem 14, we obtain the results in [11], as follows.
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Corollary 13. For n ≥ 0 integer, we have
(i) Kn(x, y)Hn(x, y) = H2n(x, y),

(ii) K2
n(x, y)− 2(−q)n = K2n(x, y).

4. Conclusion

In this paper, the generalized bivariate Fibonacci and Lucas polynomi-
als have been investigated. Many of the properties of these polynomials
are proved by the fundamental algebraic operations. Actually, the results
presented here have the potential to motivate further studies of the subject
of the generalized bivariate Fibonacci and Lucas polynomials with negative
indices or the bivariate Horadam polynomials including bivariate Fibonacci
and Lucas polynomials.
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